In this paper, we analyze bankruptcy problems with nontransferable utility (NTU) from a game theoretical perspective by redefining corresponding NTU-bankruptcy games in a tailor-made way. It is shown that NTU-bankruptcy games are both coalition-merge convex and ordinally convex. Generalizing the notions of core cover and compromise stability for transferable utility (TU) games to NTU-games, we also show that each NTU-bankruptcy game is compromise stable. Thus, NTU-bankruptcy games are shown to retain the two characterizing properties of TU-bankruptcy games: convexity and compromise stability. As a first example of a game theoretical NTU-bankruptcy rule, we analyze the adjusted proportional rule and show that this rule corresponds to the compromise value of NTU-bankruptcy games.
Introduction
In a (TU-)bankruptcy problem there is a group of agents with legal monetary claims over an estate, which is not large enough to satisfy the total claim. The question is how to allocate the estate among the agents following two basic principles: first, the whole M. G. Fiestras-Janeiro acknowledges the financial support of Ministerio de Ciencia e Innovación through project MTM2011-27731-C03. estate has to be allocated (efficiency); second, no agent should get neither more than his claim, nor a negative amount, that is no agent should pay a fine (boundedness). Bankruptcy problems were first analyzed in a game theoretical framework in O'Neill (1982) . O'Neill (1982) defines associated bankruptcy games and shows that these are convex games; Aumann and Maschler (1985) propose the Talmud rule as a solution to bankruptcy problems and show that this rule corresponds to the nucleolus of the associated bankruptcy game; Curiel et al. (1987) show that the (nonempty) core and the core cover of bankruptcy games coincide. In the (later) terminology of Quant et al. (2005) , this means that bankruptcy games are compromise stable. Moreover, Curiel et al. (1987) show that the compromise value of bankruptcy games can be interpreted as an adjusted proportional rule for the underlying bankruptcy problem. Quant et al. (2005) show that the class of bankruptcy games is the only class of games that satisfies both convexity and compromise stability, up to S-equivalence. For a survey on TUbankruptcy, we refer to Thomson (2003) with an update in Thomson (2015) .
In this paper, we investigate bankruptcy problems with nontransferable utility, in short NTU-bankruptcy problems, which are a generalization of bankruptcy problems. An NTU-bankruptcy problem consists, first of all, of a set of agents N who each claim an individual level of utility over an estate. The corresponding vector of utility claims is summarized by c ∈ R N + . Secondly, an NTU-bankruptcy problem specifies the estate set E of vectors of attainable utility with, typically, c / ∈ E. Although formally in a different setting, Chun and Thomson (1992) is one of the first papers that relates to NTU-bankruptcy problems. Orshan et al. (2003) are the first to analyze NTUbankruptcy problems in a game theoretical framework. They associate an NTU-game to an NTU-bankruptcy problem and show that the intersection of the core and the bilateral consistent prekernel of such a game is nonempty. However, they provide an example which illustrates that their game need not be superadditive and, therefore, not ordinally convex. The reason for this is twofold: first, the value of a coalition may contain payoff vectors assigning a level of utility to a member of the coalition which exceeds his claim; second, the value of a coalition may contain elements that are not in the comprehensive hull of the set E. This, in our view, departs from the original idea in O'Neill (1982) , where the value of a coalition is defined taking into account that the estate is going to be exactly distributed among the agents following the two basic principles of efficiency and boundedness. Recently, Dietzenbacher (2018) has analyzed NTU-bankruptcy problems using a different NTU-modeling approach, showing that the core of this alternative game coincides with the core cover and the reasonable set. A different class of bankruptcy problems where full transferability is not allowed is that of integer bankruptcy problems as introduced and analyzed in Herrero and Martínez (2008) . Here, the estate can only be allocated in integer units and the claims are also integer values. Recently, Fragnelli et al. (2014) study integer bankruptcy problems with non-integer claims with follow-ups in Fragnelli et al. (2016) and Fragnelli and Gastaldi (2017) .
This paper redefines NTU-bankruptcy games, staying in line with the idea of O'Neill (1982) . It turns out that this type of NTU-bankruptcy games does satisfy ordinal convexity (cf. Vilkov 1977) together with coalition-merge convexity (cf. Hendrickx et al. 2002) . As a direct consequence of being coalition-merge convex, NTU-bankruptcy games are also marginal convex (cf. Hendrickx et al. 2002) and reasonable stable (cf. Dietzenbacher 2018) . Moreover, inspired by Tijs and Lipperts (1982) and Borm et al. (1992) , we introduce the core cover for NTU-games. In line with Estévez-Fernández et al. (2012) , we show that the core cover of a compromise-admissible NTU-game can be obtained as the translation of the core cover of an associated NTU-bankruptcy game. Following Quant et al. (2005) , we define compromise-stable NTU-games as those NTU-games with nonempty core for which the core and the core cover coincide. We show that NTU-bankruptcy games are compromise stable. Therefore, the characterizing properties of convexity and compromise stability for TU-bankruptcy games carry over to NTU-bankruptcy games. The game theoretical framework for NTUbankruptcy problems also enables the analysis of game theoretical NTU-bankruptcy rules. As an example, we characterize the NTU-compromise value as defined in Borm et al. (1992) for bankruptcy games as an adjusted proportional rule.
Our study of NTU-bankruptcy games contributes to a better understanding of the rather intricate model of NTU-games. Although there is a broad literature on NTUgames, there is still a need to better develop and comprehend this important field. As a further illustration of the lack of a solid and comprehensive development of the theory of NTU-games, we refer to the groundbreaking work of Predtetchinski and Herings (2004) , Vidal-Puga (2008) , and Csóka et al. (2011) .
The paper is structured as follows. Section 2 provides notions used throughout the paper. In Sect. 3, we introduce NTU-bankruptcy problems and NTU-games, discuss the requirements that we impose, and redefine NTU-bankruptcy games. Section 4 analyzes the notions of convexity and compromise stability for general NTU-games. Section 5 provides our main results: NTU-bankruptcy games are ordinally convex, coalitionmerge convex, and compromise stable. Section 6 characterizes the compromise value of NTU-bankruptcy games as an adjusted proportional bankruptcy rule.
Preliminaries
Let N be a finite set, let x, y ∈ R N , and S ∈ 2 N \{∅}. We denote x S = (x i ) i∈S , x S ≥ y S if x i ≥ y i for every i ∈ S, and x S > y S if x i > y i for every i ∈ S. Let U ⊂ R S . We denote by ∂U the boundary of U . We say that U is comprehensive if for all a, b ∈ R S with a ∈ U and b ≤ a, it follows that b ∈ U . By comp(U ) we denote the comprehensive hull of U . The set of weakly Pareto elements of U , WP(U ), is defined by
Related to the set of weakly Pareto elements, the set of (strictly) dominated elements of U , Dom(U ), is defined by
Modeling NTU-bankruptcy problems
In this section, we introduce NTU-bankruptcy problems, discuss the approach of Orshan et al. (2003) to model them as an NTU-game, and propose an alternative NTU-bankruptcy game.
In a TU-bankruptcy problem, there is a group of agents that have claims over an estate which is not high enough to satisfy all claims. Formally, a bankruptcy problem is a tuple (N , e, c) where N is the set of agents, e ∈ R + is the available estate, and c ∈ R N + is the vector of claims, with 1 i∈N c i ≥ e. NTU-bankruptcy problems generalize bankruptcy problems. Our definition of NTU-bankruptcy problems is inspired by Chun and Thomson (1992) . An NTUbankruptcy problem is a tuple (N , E, c) where N is a finite set of agents while E ⊂ R N + and c ∈ R N + are such that the following five conditions are satisfied:
Condition (E2) implies that E is bounded and condition (E4) is a non-levelness property which is not required in Chun and Thomson (1992) . It imposes that the weak Pareto boundary of E does not have segments parallel to a coordinate hyperplane. Notice that WP(E) is the closure of ∂ E ∩ R N ++ . As pointed out in Orshan et al. (2003) , E can be interpreted to represent the set of utility vectors that the agents may achieve by means of efficient allocations of the available estate and c represents the utility levels claimed by the agents.
TU-bankruptcy problems have been studied in the literature along two different lines. One of the lines is the axiomatic study of bankruptcy rules, the other is the analysis of bankruptcy problems from a game theoretical perspective. This article will focus on the second line of research for NTU-bankruptcy problems.
We first recall the definitions of TU-bankruptcy games and of NTU-games. TUbankruptcy games were first analyzed in O'Neill (1982) . A transferable utility game (TU-game) is given by a pair (N , v) where N is the finite set of agents (or players) and v : 2 N → R is a characteristic function satisfying v(∅) = 0. Given a bankruptcy problem, (N , e, c), the associated bankruptcy game, (N , v e,c ), is defined by v e,c (S) = max{0, e − i∈N \S c i } for every S ⊂ N . The interpretation of the coalitional value v e,c (S) is as follows. Coalition S decides to leave the negotiations before the sharing of the estate e. This implies that if the total claim of the players in N \S exceeds e, then, S leaves with nothing and the agents in N \S continue the negotiations for e. Otherwise, each agent in N \S gets exactly his claim, c i , and the agents in S start negotiations for the remaining of the estate, e − i∈N \S c i , following the two basic principles of efficiency (exactly e − i∈N \S c i is allocated) and boundedness (no agent in S gets neither more than his claim, nor a negative amount). The study of bankruptcy games and game theoretical bankruptcy rules has been further developed in Aumann and Maschler (1985) and Curiel et al. (1987) .
Following Peleg and Sudhölter (2007) , a nontransferable utility game (NTU-game) is a pair (N , V ) where N is a finite set of players and V is a set valued function that assigns to each S ⊂ N a set V (S) ⊂ R S of attainable payoff vectors satisfying (1) V (∅) = ∅;
(2) for every S ∈ 2 N \{∅}, V (S) is nonempty, closed, and comprehensive;
is nonempty and closed by condition (2) and V ({i}) is bounded from above by (3). Orshan et al. (2003) use an alternative model for NTU-games in which the value of a coalition S is defined in R N . Recently, Dietzenbacher (2018) has reanalyzed the model in Orshan et al. (2003) defining the value of coalition S in R S + . The following example is based on Example 7.6 in Orshan et al. (2003) . Orshan et al. (2003) is defined by V (N ) = comp(E) and
). However, c 1 < x 1 = 3 and c 3 < x 3 = 3. In our opinion, this is in conflict with the ideas underlying the definition of bankruptcy games in the transferable utility setting. ♦ Next, we propose an alternative way to define NTU-bankruptcy games.
Moreover, NTU-bankruptcy games as defined above indeed satisfy the conditions of NTU-games. In fact, given S ∈ 2 N \{∅}, V (S) is obviously nonempty, closed (because E is closed according to condition (E1) of NTU-bankruptcy problems), and comprehensive by definition.
is bounded for every x ∈ R S by condition (E2) of NTU-bankruptcy problems. Further, NTU-bankruptcy games are N -convex by (E1) and non-leveled by (E4). We deviate from the definition in Orshan et al. (2003) and Dietzenbacher (2018) , not only in the NTU-modeling, but also in the way to define the value of a coalition S. Respecting the rules of the underlying bankruptcy setting, our definition guarantees that no claimant gets neither more than his claim, nor less than zero.
Example 2 Reconsider the NTU-bankruptcy problem
, as provided by Definition 1, are given in Fig. 1 . ♦
Convexity and core cover for NTU-games
Convexity and compromise stability are two important concepts for TU-games. Convex games were first introduced in Shapley (1971) and correspond to those games for which the core and the convex hull of all marginal vectors of the game coincide (see Weber 1988) . Compromise-stable games were first introduced in Quant et al. (2005) as those with nonempty core for which the core and core cover (cf. Tijs and Lipperts 1982) coincide. Quant et al. (2005) show that bankruptcy games are convex and compromise stable and that any TU-game that is convex and compromise stable is S-equivalent 5 to a bankruptcy game. We will prove in Sect. 5 that NTU-bankruptcy games inherit analogues of the properties of convexity and compromise stability. To this end, this section focuses on the main notions of convexity for NTU-games as discussed in the literature and on introducing an analogue of compromise stability for NTU-games.
An NTU-game (N , V ) is superadditive (Hendrickx et al. 2002) 
The set of individually rational allocations for S, IR(S), is defined by
Some coalitional values of the NTU-bankruptcy game in Example 2
There are several convexity notions for NTU-games in the literature. An NTUgame (N , V ) is ordinally convex (Vilkov 1977) if it is superadditive and for all S, T ∈ 2 N \{∅} with S ∩ T = ∅, and all x ∈ R N with x S ∈ V (S) and x T ∈ V (T ), (Hendrickx et al. 2002) if it is superadditive and for all R ∈ 2 N \{∅} and all S, T ∈ 2 N , S ⊂ T ⊂ N \R, with S = T , the following statement is true:
It turns out that ordinal convexity and coalition-merge convexity are strong, but independent, properties. For this and for a summary of convexity notions in the literature and their relations, we refer to Hendrickx et al. (2002) . Borm et al. (1992) generalize the concepts of utopia payoff and minimal right of a player for TU-games (see Tijs 1981; Tijs and Lipperts 1982) to NTU-games. Let (N , V ) be an NTU-game and let i ∈ N . The utopia payoff to player i, K i (V ), is defined by
In order to define the minimal right of player i, we first introduce some extra notation. We denote ρ
is the highest amount that player i can obtain if coalition S forms by giving the players in S\{i} (slightly) more than their utopia payoffs. Formally,
The core of an NTU-game (N , V ), Core(V ), is defined by N ) ). Moreover, ordinally convex games have a nonempty core (Greenberg 1985) .
Theorem 1 (Borm et al. 1992 
Tijs and Lipperts (1982) introduce the core cover for TU-games as the set of efficient allocations that are bounded from below by the vector of minimal rights and from above by the vector of utopia payoffs. Here, we generalize this concept to NTU-games. The core cover of an NTU-game (N , V ), CC(V ), is defined by
By Theorem 1, it follows that the core of an NTU-game is contained in its core cover.
We say that an NTU-game (N , V ) is compromise admissible if it has a nonempty core cover. Clearly, if the core of the game is nonempty, then, the game is NTUcompromise admissible.
Following the concept of compromise-stable TU-game (Quant et al. 2005) , we say that an NTU-game (N , V ) is compromise stable if it is compromise admissible and CC(V ) = Core(V ). Borm et al. (1992) define the compromise value of compromise-admissible NTU games. Let (N , V ) be an NTU-compromise-admissible game. The compromise value, T (V ), is defined as the unique vector on the line segment between k(V ) and K (V ) which lies in V (N ) and is closest to the utopia vector K (V ). Formally,
As an illustration of a compromise-stable game, consider the following example.
Then, We partially generalize this result to NTU-games in Theorem 2 for non-leveled NTUgames.
Theorem 2 Let (N , V ) be a non-leveled compromise-admissible NTU-game. If for every S ∈ 2 N \{∅}, at least one of the following two conditions is satisfied,
Proof We show that (N , V ) is compromise stable, that is, Core(V ) = CC(V ). By Theorem 1, we know that Core(V ) ⊂ CC(V ); therefore, we only have to show that Core(V ) ⊃ CC(V ).
Let z ∈ CC(V ). Then, N ) ) with y S = x and y N \S ≥ K N \S (V )}). We proceed by contradiction. Suppose that z S ∈ Dom(V (S)). Then, there exists y ∈ WP(V (S)) with y > z S and, by assumption, N ) ) and the non-levelness condition implyỹ = (z S , K N \S (V )). This establishes a contradiction to our premiseỹ S > z S .
The following example, however, illustrates that the sufficient conditions in Theorem 2 are not necessary ones to achieve compromise stability.
Example 4 Reconsider the compromise-stable NTU-game of Example 3. For S = {1, 3}, however, conditions (i) and (ii) in Theorem 2 are not satisfied: 1 4 , 1 2 ∈ V ({1, 3}) and
The non-levelness requirement is key in the proof of Theorem 2. In fact, Theorem 2 need not hold in games not satisfying the non-levelness condition, as the following example illustrates.
Example 5 Consider the 4-player NTU-game (N , V ) defined by
This NTU-game is not non-leveled. Here, K (V ) = (7, 7, 7, 7) and k(V ) = (0, 0, 0, 0). Therefore, the game satisfies the conditions in Theorem 2 since
However, Core(V ) = CC(V ). To see this, notice that CC(V ) = {x ∈ R N : 0 ≤ x i ≤ 7 for every i ∈ N and x j = 7 for some j ∈ N },
(1, 1, 7, 7) ∈ CC(V ), and (1, 1) ∈ Dom (V ({1, 2}) ), which implies (1, 1, 7, 7) / ∈ Core(V ). ♦ Next, we generalize some results of Curiel et al. (1987) on truncated claims, utopia vectors, and minimal rights to the NTU-setting.
Let (N , E, c) be an NTU-bankruptcy problem. We denote by c t ∈ R N the truncated vector of claims defined, for every i ∈ N , by
Notice that c t ∈ R N + and (c t i , 0 N \{i} ) ∈ WP(E) for every i ∈ N with c t i < c i . Next, we show that the properties related to claims truncation shown in Curiel et al. (1987) for TU-bankruptcy games are also satisfied for NTU-bankruptcy games. The proof of this proposition uses the following lemma. (N , E, c) be an NTU-bankruptcy problem, let i ∈ N , and let x, y ∈ R N \{i} with x ≤ y, x = y, and (x, 0), (y, 0) ∈ E. Then, with t
Lemma 1 Let
Proof On the contrary, suppose that t x ≤ t y . We have x, y ∈ R N \{i} + since (x, 0), (y, 0) ∈ E and E ⊂ R N + . Since E is closed and bounded, we have that E is compact, t x , t y ∈ R + , and (x, t x ), (y, t y ) ∈ WP(E).
Since x ≤ y, t x ≤ t y , and (x, t x ), (y, t y ) ∈ WP(E), we have (x, t x ) = (y, t y ) by condition (E4). This establishes a contradiction to our premise x = y. (N , E, c) be an NTU-bankruptcy problem and let (N , V E,c ) be the associated NTU-bankruptcy game. Then,
Proposition 1 Let
(i) V E,c = V E,c t , (ii) K (V E,c ) = c t , and (iii) k(V E,c ) = (v E,c (i)) i∈N . Proof (i) V E,c = V E,c t . First, V E,c (∅) = ∅ = V E,c t (∅) and V E,c (N ) = comp(E) = V E,c t (N ) by def- inition of NTU-bankruptcy games. Second, let S ∈ 2 N \{∅, N }. We distinguish between two cases: (1) (0 S , c N \S ) ∈ E and (2) (0 S , c N \S ) / ∈ E. Case 1: (0 S , c N \S ) ∈ E.
By condition (E3) of NTU-bankruptcy problems and by definition of c t , c t
To show the other inclusion, we proceed by contradiction. Suppose that x ∈ V E,c (S) and x / ∈ V E,c t (S). Then, there exists i ∈ S such that x i > c t i . Since x ∈ V E,c (S), we have c t i < x i ≤ c i . Moreover, if x j < 0 for some j ∈ S, we have that x + ∈ R S + defined by x + j = max{x j , 0} for every j ∈ S belongs to E by definition of V E,c (S). By condition (E3) of NTU-bankruptcy problems, we have that (x i , 0 N \{i} ) ∈ E with x i > c t i . This establishes a contradiction with the definition of c t i . Case 2: (0 S , c N \S ) / ∈ E. In this case, we distinguish between two situations:
Case 2.b: (0 S , c t N \S ) ∈ E. In this case, c t N \S = c N \S . Moreover, there is i ∈ N \S such that either N \S = {i}, or c t j = 0 for every j ∈ N \S, j = i.
We show this claim by contradiction. Assume that |N \S| > 1 and that there are i, j ∈ N \S, i = j, with c t i , c t j > 0. By our assumption and condition (E3), we have that (0 N \{i, j} , c 
. This establishes a contradiction to our premise c t j > 0. If (0 N \{i, j} , c 
This establishes a contradiction to our premise (0 N \{i, j} , c 
For this, we show that
(a, t) ∈ comp(E) and a > c t N \{i} .
therefore, for any t ∈ R, we cannot find a ∈ R N \{i} with (a, t) ∈ comp(E) and a > c t N \{i} .
Next, we generalize a result in Estévez-Fernández et al. (2012) stating that the core cover of a compromise-admissible TU-game can be obtained as a translation of the core cover of a TU-bankruptcy game to the NTU-setting. (N , V ) be an 
Theorem 3 Let
Proof First, we show that (N , E, c) ,
, is an NTU-bankruptcy problem. E = V (N )−{k(V )} can be interpreted as a translation of the center of coordinates to k(V ). Then, (E1) follows by condition (2) of an NTU-game and because the game is N -convex, (E2) is a direct consequence of condition (3) of an NTU-game, (E3) follows by condition (2) of an NTU-game, 8 (E4) follows since (N , v) is non-leveled, (E5) follows because CC(V ) = ∅ and K (V ) / ∈ int(comp (V (N )) ). Moreover, c = K (V ) − k(V ) = c t using the definition of K (V ).
Let (N , V E,c ) be its corresponding NTU-bankruptcy game. By Proposition 1, we know that
it must be the case that N ) ). c (N ) ). By Proposition 1, we know that WP(V (N ) ). As a result, x + k(V ) ∈ CC(V ).
Properties of NTU-bankruptcy games
In this section, we show that NTU-bankruptcy games are coalition-merge convex, ordinally convex, and compromise stable. However, they need not be cardinally convex. (N , E, c) be an NTU-bankruptcy problem and let (N , V E,c ) be the associated NTU-bankruptcy game. Let S ∈ 2 N \{∅} with (0 S , c N \S ) ∈ E. Then, for every T ∈ 2 N \{∅} with S ⊂ T , and for every
Lemma 2 Let
Next, we prove that all NTU-bankruptcy games are superadditive.
Lemma 3 Every NTU-bankruptcy game is superadditive.
Proof Let (N , E, c) be an NTU-bankruptcy problem and let (N , V E,c ) be the associated NTU-bankruptcy game. Let S, T ∈ 2 N \{∅} with S ∩ T = ∅. Let x ∈ V E,c (S) and y ∈ V E,c (T ). We show that (x, y) ∈ V E,c (S ∪ T ). Without loss of generality, it suffices to distinguish between two cases:
In this case, (0 S∪T , c N \(S∪T ) ) ∈ E by condition (E3) of NTU-bankruptcy problems and, consequently,
Theorem 4 Every NTU-bankruptcy game is coalition-merge convex.
Proof Let (N , E, c) be an NTU-bankruptcy problem and let (N , V E,c ) be the associated NTU-bankruptcy game. By Lemma 3, we know that (N ,
We show that there exists an a ∈ V E,c (T ∪ U ) such that a T ≥ y and a U ≥ z U . We distinguish between two cases:
(
y ≤ 0 and, in particular, y S ≤ 0.
Moreover, by condition (E3) of NTU-bankruptcy problems, we have that (0 {i} , c N \{i} ) / ∈ E for every i ∈ T and, consequently, v E,c (i) = 0 for every i ∈ T . Further, condition (E3) of NTU-bankruptcy problems and S ⊂ T imply (0 S , c N \S ) / ∈ E, V E,c (S) = comp ({0 S }), and v E,c (i) = 0 for every i ∈ S. Since x ∈ WP(V E,c (S)) ∩ IR(S), we have x = 0 S . Then,
Then, by condition (E3) of NTU-bankruptcy problems, (0 T ∪U , c N \(T ∪U ) ) ∈ E and, consequently,
for R ∈ {S, T }. Then, by Lemma 2, (z, c T \S ) ∈ V E,c (T ∪U ). Choosing a = (z, c T \S ), we have a U = z U and a T ≥ y since a S = z S ≥ x = 0 S ≥ y S and a T \S = c T \S ≥ 0 ≥ y T \S .
By condition (E3) of NTU-bankruptcy problems, (0 T ∪U , c N \(T ∪U ) ) ∈ E and, then,
Choosing a = (y, c U ), we have a T = y and a U = c U ≥ z U where the last inequality follows from z ∈ V E,c (S ∪ U ). Hendrickx et al. (2002) show that every coalition-merge convex game is marginal convex. This means that for bankruptcy games, every marginal vector belongs to the core. As a consequence, bankruptcy games are also reasonable stable (cf. Dietzenbacher 2018).
Theorem 5 Every NTU-bankruptcy game is ordinally convex.
Without loss of generality, it suffices to distinguish between two cases: (1) (0 S , c N \S ) / ∈ E and (2) (0 S , c N \S ) ∈ E and (0 T , c N \T ) ∈ E . Case 1: (0 S , c N \S ) / ∈ E. In this case, (0 S∩T , c N \(S∩T ) ) / ∈ E by condition (E3) of NTU-bankruptcy problems and, consequently,
We conclude the study of convexity of NTU-bankruptcy games with an example illustrating that NTU-bankruptcy games need not be cardinally convex.
Example 6
Consider the NTU-bankruptcy problem (N , E, c) 
Next, we show that NTU-bankruptcy games are compromise stable.
Theorem 6 Every NTU-bankruptcy game is compromise stable.
Proof Let (N , E, c) be an NTU-bankruptcy problem and let (N , V E,c ) be the associated NTU-bankruptcy game. By Theorem 2, it suffices to show that either
for every S ∈ 2 N \{∅}. Fix S ∈ 2 N \{∅}, we distinguish between two cases: (1)
Then, (0 N \{i} , c i ) ∈ E for every i ∈ N \S by condition (E3) of NTU-bankruptcy problems and, consequently, c N \S = c t N \S = K N \S (V E,c ) by Proposition 1 (ii). Then,
where the third equality is a direct consequence of (E3) and (E4). Case 2: (0 S , c N \S ) / ∈ E. In this case, (0 {i} , c N \{i} ) / ∈ E for every i ∈ S by condition (E3) of NTU-bankruptcy problems and k i (V E,c ) = v E,c (i) = 0 for every i ∈ S, where the first equality follows by Proposition 1 (iii). Moreover, x ∈ V E,c (S) implies x ≤ 0 S . Therefore, V E,c (S) ⊂ x ∈ R S : x ≤ k S (V E,c ) .
A game theoretical NTU-bankruptcy rule
The adjusted proportional rule was introduced for TU-bankruptcy problems in Curiel et al. (1987) . The adjusted proportional rule assigns to each agent his minimal right first, and the remaining estate is proportionally shared with respect to the vector of updated claims, where the new claim takes into account that every agent has already obtained his minimal right and that nobody should get more than the remaining estate. Formally, given a TU-bankruptcy problem (N , e, c (N , e, c) = v e,c (i). Curiel et al. (1987) show that the adjusted proportional rule and the compromise value of the associated TU-bankruptcy game lead to the same allocation for any TU-bankruptcy problem. Next, we show that this result can be generalized to the NTU-setting.
In order to generalize the adjusted proportional rule to NTU-bankruptcy problems, we first need to define the minimal right of an agent in an NTU-bankruptcy problem. Let  (N , E, c) be an NTU-bankruptcy problem and let i ∈ N . The minimal right of agent i, m i (N , E, c) , is defined by m i (N , E, c) = v E,c (i). Then, for an NTU-bankruptcy problem (N , E, c) , the adjusted proportional rule assigns where t = max t ∈ R + :tc ∈Ẽ . Therefore, we only need to show that t = λ. It follows that t = max t ∈ R + :tc ∈Ẽ = max t ∈ R + :t(c t − m(N , E, c) ) ∈ (E − {m(N , E, c 
where the second equality follows by definition ofc andẼ; the third equality is a direct consequence of K (V E,c ) = c t , k(V E,c ) = m (N , E, c) , and V E,c (N ) = comp(E); the fifth equality follows because k(V E,c ) + t(K (V E,c ) − k(V E,c )) is the unique vector on the line segment between k(V E,c ) and K (V E,c ) which lies in V E,c (N ) and is closest to K (V E,c ).
